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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and thirty-second regular meeting of the 
Society was held in New York City on Saturday, February 
23, 1907. The attendance at the two sessions included the 
following thirty-three members : 

Professor G. A. Bliss, Professor E. W. Brown, Dr. W. H. 
Bussey, Professor F. N. Cole, Dr. W. S. Dennett, Dr. G. B. 
Germann, Dr. A. M. Hiltebeitel, Professor Edward Kasner, 
Dr. G. H. Ling, Professor E. O. Lovett, Professor Max 
Mason, Mr. A. R. Maxson, Professor H. B. Mitchell, Dr. R. 
L. Moore, Mr. H. W. Reddick, Professor L. W. Reid, Dr. R. 
G. D. Richardson, Miss I. M. Schottenfels, Mr. L. P. Sicelof, 
Dr. Clara E. Smith, Professor P. F. Smith, Dr. R. P. Steph- 
ens, Dr. W. M. Strong, Professor J. H. Tanner, Professor H. 
D. Thompson, Dr. A. L. Underhill, Professor Oswald Veblen, 
Professor L. A. Wait, Mr. H. E. Webb, Professor H. S. 
White, Professor E. B. Wilson, Dr. Ruth G. Wood, Professor 
J. W. Young. 

The President of the Society, Professor H. S. White, and 
Vice-President Professor P. F. Smith occupied the chair. The 
Council announced the election of the following persons to 
membership in the Society : Professor T. M. Focke, Case School 
of Applied Science, Cleveland, Ohio ; Dr. D. C. Gillespie, Cor- 
nell University; Professor C. C. Grove, Hamilton College, 
Clinton, N. Y.; Professor T. W. Palmer, University of Alabama ; 
Professor N. A. Pattillo, Randolph-Macon Woman’s College ; 
Mr. F. D. Posey, University of Chicago ; Miss Gertrude Smith, 
Vassar College; Dr. A. L. Underhill, Princeton University. 
Ten applications for admission to the Society were received. 

After seven years’ service as Treasurer, Dr. W. S. Den- 
nett expressed the wish to be relieved of the duties of that 
office. The vacancy was filled by the appointment of Professor 
J. H. Tanner. Professor Maxime Bocher was elected a mem- 
ber of the Editorial Committee of the Transactions, to succeed 
Professor E. H. Moore, who will retire, at the completion of 
the present volume of that journal, after eight years’ service as 
editor in chief. Appropriate resolutions expressing grateful 
appreciation of the services of these two officers were adopted 


by the Society. 
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A standing committee of the Council, consisting of the Treas- 
urer as chairman, Professor Brown, and Dr. Dennett, was 
appointed to have charge of the investment of the Society’s 
life membership and surplus funds. 

For the better regulation of the presentation of papers at the 
meetings of the Society, the rule was adopted that hereafter 
papers shall be read in the order and at the session assigned 
them on the printed programme. Papers whose reading is 
postponed at the request of the authors or in their absence will 
be read at the close of the session, if time permits, or at the 
close of the last session. Papers not announced on the printed 
programme, but subsequently accepted for presentation, may 
be read so far as time permits at the close of any session, after 
the printed list has been exhausted, or at the close of the last 
session. 

To facilitate discussion, abstracts of papers will be included 
in the printed programme if furnished by the authors for that 
purpose at least three weeks in advance of the meeting. Such 
abstracts should be in the usual form, but should also be 
accompanied by standard and special references to the literature 
of the subject. 

The following papers were read at this meeting : 

(1) Professor R. D. CARMICHAEL: “On dividing an angle 
into parts having the ratio of any given straight lines.” 

(2) Professor R. D. CarmicHaEL: “A table of multiply 
perfect numbers.” 

(3) Professor G. A. MILLER: “The groups generated by 
three operators each of which is the product of the other two.” 

(4) Dr. R. P. SrepHens: “On a quintic with three parallel 
tangents in any direction ” (preliminary communication). 

(5) Professor E. B. WiLson : “On the revolutions of a dark 
body about the sun.” 

(6) Mr. C. N. Moore: “On the introduction of convergence 
factors into summable series and summable integrals.” 

(7) Professor G. A. Briss: “The construction of a field of 
extremals about a given point.” 

(8) Dr. R. G. D. Ricnarpson : “ Differentiation and inte- 
gration of definite integrals.” 

(9) Professor E. R. Heprick: “On a final form of the 
theorem of uniform continuity.” 

(10) Professor R. D. CarmicHaEL: “On the classification 
of quartic curves possessing fourfold symmetry with respect to 
a point.” 
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Mr. Moore’s paper was communicated to the Society through 
Professor Bécher. In the absence of the authors the papers of 
Professor Carmichael, Professor Miller, Mr. Moore, and Pro- 
fessor Hedrick were read by title. Abstracts of the papers 
follow below. The abstracts are numbered to correspond to 
the titles in the list above. 


1. In this paper Professor Carmichael considers the problem 
of dividing an angle into parts having the ratios of any given 
straight lines, and effects a solution by means of the locus of 
the polar equation p sin @= 0. <A method of constructing the 
curve by continuous motion is also given. Once the curve is 
constructed, the division of the angle into the proper parts is a 
very simple matter. 


2. In his paper on multiply perfect numbers Professor Car- 
michael exhibits a method for determining all the multiply 
perfect numbers up to 1,000,000,000. He gives a table of 
these numbers. In addition he gives another table which 
contains such other numbers as are known to him to be multiply 
perfect. It is interesting to note that this computation does 
not discover a multiply perfect odd number. It therefore still 
remains an unsettled question whether multiply perfect odd 
numbers exist. 


3. Professor Miller proved that if three operators are such that 
the product of any two is equal to the third they generate either 
a dihedral group or the quaternion group. When the three de- 
fining equations do not admit the cyclic permutation of the 
operators, the latter generate a dihedral group, and every di- 
hedral group can be generated by three such operators. When 
the equations admit such a cyclic permutation, the three opera- 
tors in question generate one of the following four groups: 
identity, the group of order two, the four-group, or the quatern- 
ion group. Moreover, the operators may be so chosen as to 
satisfy the given conditions and generate any one of these four 
groups. 


4. In an article, “On the pentadeltoid ” in the Transactions 
for April, 1906, Dr. Stephens discussed a quintic whose para- 
metric equation is 


& + apt! + + ayl? + pt+a=0, 


— 
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to which can be drawn in any given direction only one tangent. 
A quintic of similar mechanical construction is 


at! + — apt? + ayt —a=0, 


which is a curve of class five and degree eight. To this curve, 
say K, in any direction may be drawn three parallel tangents, 
the centroid C of whose points of tangency is independent ‘of 
the given direction and is defined as the center of K. In gen- 
eral there are five cusps, but these may decrease by twos to 
one while the curve changes in shape from the five-cusped 
hypocycloid as one limit to the cardioid as the other. Inscribed 
in each curve K is a concentric ellipse which touches K in five 
points. The orthoptic curve is a limagon which touches K in 
five points. 

Corresponding theorems may be proved for the general case 
where the equation is 


for instance, this is a curve to which n — 2 parallel tangents 
may be drawn in any given direction. 


5. In this paper Professor Wilson takes up mathematically 
the problem discussed by Poynting, in a lecture before the 
Royal Society recently printed in Nature. The differential 
equations of motion of a particle under the action of the sun’s 
radiation as well as gravitational attraction are such that the 
equation of the orbit may readily be expressed in terms of 
Bessel functions. The discussion of the formulas brings out 
simple approximate expressions for the decrease of the radius 
vector, the diminution of the eccentricity, and the rotation of 
the line of apsides of the orbit. It also appears that the total 
number of revolutions which a particle can make about the sun 
in an infinite time is finite even when the particle starts at an 
infinite distance. 


6. The most important results of Mr. Moore’s paper are 
contained in the following two theorems : 

I. If the series u, + u, + u, + --- is summable in the sense of 
Frobenius (Crelle, volume 89) and has the value S, then the series 
u, + u, f(a) + u,f(a) +--- will be absolutely convergent for 
all positive values of a, and its value F(a) will be continuous 


= 
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for such values and will approach S as its limit when a = + 0, 
provided the convergence factors f(a) satisfy for all positive, 
integral values of n the following conditions: (a) f(a) is 
(2=0); (6) | f.(a)|< (a2 >0); (0) 
= 3 (2) — + (¢) 
| f(a) — 2 + |< L/n?*ear (a > 0); where N, p, 
cand J are positive constants. 

II. If the function f(z) is uniformly continuous for all 
values of «=a> 0, and if the integral 


f(x)dx 


is summable and has the value S, that is, if 


tim (= = 8, 


then the integral 
f x)dx 


will be absolutely convergent for all positive values of a, and 
its value F(a) will be continuous for such values and will ap- 
proach S as its limit when a = + 0, provided the convergence 
factor $(a, x) satisfies the following conditions : (2) $(2, 2) is 
continuous (x= a, «= 0); (6) x) exists and is continuous 
(x =a, 220) ; (c)| x) |< (n=a,a>0);(d)> 
(0,2) (e=a); (0S a0); 
< (xZ2a,a>0); where N, p, and L are positive 
constants. 

Other theorems are proved for the case in which the original 
series or integral is convergent. 


7. Professor Bliss’s paper appears in full in the present 
number of the BULLETIN. 


8. On the basis of the results obtained in former papers for 
the equality of the double integral and the iterated integral, 
Dr. Richardson is able to derive general theorems for the 
inversion of the order of integration. If one of the integrals 


fae dy, fay dx 
x dy Jy” Jx 
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fa Sdy = [ay fee. 


This is true if certain restrictions are put on the arrangement 
of the points of discontinuity, these restrictions being necessary 
to insure integrability. These results are applied to a dis- 
cussion of the continuity and differentiation of a definite integral 
depending on a parameter. 


is finite, then 


9. Professor Hedrick presented a final generalization of the 
theorem that a function continuous in a closed interval is uni- 
formly continuous in that interval. The generalization is 
stated in terms of the oscillation w(x, 5) in an interval (2 — 6, 
a + 8) and the oscillation Q(x) at a point. If then Q(7)=r 
for values of x in a closed assemblage (F) for the values of 
j(x) which correspond to values of x in any assemblage (H), 
then w(x, 5)<2% +e whenever 6 < 9, for all x in (£), the order 
of choice being 9, 2. 


10. Professor Carmichael determines the simplest general 
forms of the equation of quartic curves having fourfold sym- 
metry with respect to a point, the point being taken as the 
origin. He shows that there are the following five classes which 
may be combined into two groups, the first containing I, IV, and 
V, and the second II and IIT: 


I. + + + y’)+¢,=09. 
Il. xt + + + — + rey = 0. 
IIL. + ay' + po? — + pay =0. 
IV. ey — ay + + + +4,=9. 


V. + + y’) + 8,= 0. 
F. N. Coue, 
Secretary. 
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THE CONSTRUCTION OF A FIELD OF EX- 
TREMALS ABOUT A GIVEN POINT. 


BY PROFESSOR G. A. BLISS. 
(Read before the American Mathematical Society, February 23, 1907.) 


IN establishing the sufficiency of the well-known conditions 
for the simplest problem of the calculus of variations in the 
plane, an essential step is the proof that a one-parameter family 
of extremals simply cover a portion of the plane and constitutes 
a so-called field. It has been shown by several writers * that 
when all the extremals of the family pass through a single point 
O, any are of one of them can be imbedded in a field provided 
that it does not contain the point O or its conjugate. But it is 
also true that the field extends up to and surrounds QO, as will 
be proved in the following paragraphs. 

When the point O is not a singular point of the problem it 
may, without loss of generality, be taken as the origin, and the 
equations of the extremals through it can always be found in 
the form 


(1) $8, t), t). 


The parameter s is the length of are measured from O, and t is 
the angle between the x-axis and the direction of the extremal 
at O. The functions ¢ and ¥ therefore satisfy the identities 


0= 90,9, 0= 40,0, 
cost= (0, t), sint = ¥,(0, 


where the subscripts denote partial differentiation. They are 
furthermore supposed to be of class C’t for 


0=s=8, t=any value, 


and, since one and only one extremal passes through O in a 
given direction, to be periodic with period 27 in t. 
It is proposed to show that a circle of radius p can be found 


* Osgood, Annals of Mathematics, 2d ser., vol. 2 (1901), p. 112. Bolza, 
Lectures on the calculus of variations (1904), pp. 78, 175. Goursat, Cours 
d’analyse, vol. 2, p. 613. 

t In his lectures on the calculus of variations, summer semester, 1879, 
Weierstrass stated that a field including the point O could be constructed, 
but omitted the proof. 

tJ. e., continuous with continuous first partial derivatives. 


= 
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with center at O such that the equations 


(3) rcosa= t), rsina=>(s, 


have one and only one solution (s, ¢) corresponding to any pair 
of values (7, «) for which 


(4) O<r<p, a«=any value, 


and which correspond therefore to a point in the circle. The 
pair of functions 


(5) s=a(r, a), t=t(7r, a) 


so defined turn out to be of class C’ in the region (4) and peri- 
odie in a with period 27. 
First consider r as a function of s and ¢, 


2 2 2 
The value of each of the expressions 


dr oy, 
(6) ds’ $6, 


at the point O(s = 0) is unity. The derivative dr/ds has the 


value 
= dr $6,+ 
( ds / dy 3? 
and by Taylor’s formula 


$(8, t) = t), t) = 2). 


By substituting these values in (7) and letting s approach zero 
the desired result for dr/ds is derived. If A(s, t) denotes the 
numerator of the second of the expressions (6), the value of A, is 


A.(s, t) = $,¥,, $,,¥, = $,,¥, 


At the point 0 
A,(0, t) = 1 


on account of the equations (2), from which may be derived also 


¢,,(0,t)=—sint, w,,(0, = cost. 
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It follows then that the fraction 


vy, sh, (8s, t) sy (Fs, t) ¥, 
takes on the value unity when s approaches zero. 

Since the expressions (6) are equal to unity at the point 
O (s =0), there will exist a largest value S, such that the 
inequalities 

8 >0, > 0 


hold for all points (s, ¢) in the region 
(9) 0<s<S(SS), t=any value. 


If p denotes the minimum value of 7(S,, ¢), the circle of radius 
p about the point O will be simply covered by the extremals (1) 
and will be a circle, therefore, of the kind originally sought. 

To prove this, consider any circle about O of radius 1, < p. 
It is cut once and only once by each of the extremals (1), and 
consequently the equation 


has one solution s in the interval (9) corresponding to each 
value of ¢t. By the well-known theorems on implicit functions 
the function s(¢) so defined is of class C’, since the derivative 
$¢, + Wy, can not vanish (see (7) and (8)). When r=7r, and 
this function s(f) are substituted in the equations (3), a is deter- 
mined as a function of t whose derivative by an easy calculation 
is found to be 


From (8) it follows therefore that a always increases as ¢ in- 
creases from 0 to 27. Furthermore the value a(27) differs 
from a(0) by some multiple of 27, since there is only one ex- 
tremal through the point 0 in the direction t= 0, or what is the 
same thing, in the direction t= 27. But from (8) again 


a(2ar) a(0) + 2-27, 


and one sees therefore that a(27) = a(0) + 2m. It is evident 
that the two intervals a(0)= a =a(0) + 27 and 0=t= 27 are 
in one-to-one correspondence. 


dt $$,+ ¥¥, 
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From what precedes it follows that to each value of r and a 
satisfying the conditions 


(10) O<r<p, a=any value 


there corresponds one and but one pair of values s, t satisfying 
the conditions 

0<8s<S, t=any value 
and the equations 


(11) r cos a= G(s, t), r sina = t). 
The implicit functions 
s=a(r,a), t=tr, a) 


so defined are of class C’ in the neighborhood of any point (r, a) 
of the region (10), since by (8) the determinant A = $,f,— $f, 
of equations (11) is always different from zero when s and ¢ 
satisfy the inequalities (9). It is easily seen that any two values 
of a differing by a multiple of 27 define with r the same values 
of s and ¢. 


PRINCETON, 
February, 1907. 


SOME PARTICULAR SOLUTIONS IN THE 
PROBLEM OF n BODIES. 


BY DR. W. R. LONGLEY. 


( Read before the American Mathematical Society, December 28, 1906. ) 


Let the masses of n finite bodies be represented by 
m,,m,,---,m,. Suppose that the bodies lie always in the same 
plane, and that their coordinates with respect to their common 
center of mass as origin and a system of rectangular axes which 
rotate with the uniform angular velocity N are, respectively, 
(2,5 Y;)> (Toy Yo)» Supposing that the bodies attract 
each other according to the newtonian law, the differential 
equations of motion are 


Px. dy, — 2,) 


J 


ay dx — Y;) 
dé 


j=l 


= 
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/ i=1,2,---,n, 


If we assume that each body is revolving in a circle about 
the common center of mass of the system with the uniform 
angular velocity N, its coordinates with respect to the rotating 
axes are constants, and the derivatives of the coordinates with 
respect to the time are zero. Equations (1) therefore reduce to 
the following system of algebraic equations : 


@ 
n 
N’*y, + y;) J + 
j=! 


It is to be observed that the equations 


(3) 

MY, + MY, +---+my, =O, 
which express the fact that the origin of coordinates is at the 
center of mass, follow from the system (2), and may be used 
instead of two of equations (2). 

This system of 2n simultaneous algebraic equations involves 
the square of the angular velocity N, the n —1 ratios of the 
masses, and the 2n — 1 ratios of the distances x, and y, Ac- 
cordingly n — 1 of these quantities may be chosen arbitrarily 
and, if the resulting equations are independent, the remaining 
2n quantities are determined by the relations (2). In order to 
admit physical interpretation, the quantity N* and the masses 
must be real and positive, while the coordinates must be real. 
With these restrictions it is not easy to discuss the general so- 
lutions of the system (2). Some interesting results may, how- 
ever, be obtained by a study of special cases. If, in the prob- 
lem of three bodies, the assumption is made that the triangle 
formed by the three bodies is isosceles, it may be shown that 
equations (2) can be satisfied only if the triangle is also equi- 
lateral, which is the well-known solution of Lagrange. 

A particular case of the problem of four bodies will be con- 


a 
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sidered in detail. The system of equations to be satisfied is 


Me, + MX, + ML, + ML, = 0, (a) 


m(x,—2,)  m,(x,— m (x, — 2,) 
r1,3 
m(x,—2,) m (x, — 
vy af 3. ml “= 0, (ce) 
12,4 
m(x,— x m(x,—2,) 
13,1 23 3, 
(4) MY, + MY, + My, + my, =O, (e) 
MAY: — — Ys) MY — Ya) 
1,2 1,4 
N?y, — y,) — Ys) m(Y2 — Y,) 0, (97) 
12,1 2,3 13,4 
m(y,—Y m(Y,— Yo) M(Y¥,— ¥ 
—N Yat 5 + = 0, (A) 
"4,1 "4,2 "4,3 


The assumption will be made that the bodies lie at the ver- 
tices of a parallelogram, and that opposite masses are equal, 


=m, m= m,=— 


Let the #-axis pass through m,. Then the coordinates may be 
represented as follows: 


m(a, 0), m(B,y), m(—a,0), m(—B, —74). 


Equations (a) and (e) are satisfied. Equation (f) becomes 
r3,=r 4 whence 8=0, and the parallelogram must be a 
rhombus. Putting 8 = 0, equation (c) is satisfied. Equations 
(6) and (d) become identical, yielding 


Bit 
(5 ) N? = 3 
1,2 41,3 


and equations (g) and (h) become identical, yielding 


2m 2M 
(6) N?= 3 
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The two values of N? thus found must be the same. There- 
fore the following relation determines the ratio of the masses 
when the ratio of the distances is given : 

(7) M s—%2)_ — (Va? + 

m — (Va 
The choice of the ratio of the distances is limited by the condi- 
tion that the resulting ratio of the masses must be positive. 
This condition is expressed by the inequality 

8 
( ) ~ a ~ J) 


Hence, in the problem of four bodies revolving in circles 
about their common center of mass with the same uniform 
angular velocity, the rhombus is a possible configuration pro- 
vided the following conditions are fulfilled : (1) Opposite masses 
are equal, (2) the ratio of the diagonals shali be greater than 
1/) 3 and less than 7/3. The ratio of the masses is then 
uniquely determined by equation (7), and the angular velocity 
by equation (5) or equation (6). 

Suppose a fifth body is introduced at the center of the rhom- 
bus. What will be the effect upon the limits within which 
one may choose the ratio of the diagonals? The method of 
treatment is analogous to that which precedes. The number of 
equations to be satisfied is ten, which, under the assumption that 
the configuration is a rhombus with opposite masses equal, reduce 
to the following two : 


2M 2m 

2m 2M sm, 


Taking m, as the unit of mass, there results the following 
condition upon the masses m and M and the ratio y/a of the 
diagonals of the rhombus: 

a? { (Ve { — (Va? + 
Regarding y/o as a parameter, this equation represents a 
straight line in the mJM-plane. Only those pairs of values 


328 THE PROBLEM OF 2 BODIES. [April, 


(m, M) are admissible which represent a point in the first 
quadrant. Hence y/a must be selected so that some portion 
of the straight line lies in the first quadrant. This condition 
will certainly be satisfied if the slope is positive, that is, if the 
coefficient of m is positive. This condition is 


- 


which is the same as the one found in the case of four bodies. 
If, in the case of four bodies, the ratio y/a = 1/3 (or V3) be 
selected the ratio (//m) of the masses is infinite (or zero). If, 
in the case of five bodies, the ratio y/a=1//3 (or v3) be 
selected there results m= — 4 (or M = — 4), which are not 
admissible. If the slope of the line is negative, it may still lie 
partly in the first quadrant if the intercept on the M-axis is 
positive. It is easily verified, however, that values of the 
ratio y/a which render the slope negative make the intercept 
negative. Hence the limits of the ratio of the diagonals are 
the same in the case of five bodies as in the case of four. In 
the latter case the ratio of the masses is uniquely determined by 
the choice of the ratio of the diagonals. In the case of five 
bodies there is a single infinitude of possibilities (except for 
y/a = 1, i. e., when the rhombus becomes a square). 

The rhombus, which is a special case of the parallelogram, is 
also a special case of the contraparallelogram.* It is interest- 
ing to notice, in the general case, that there exists a condition 
on the distances independent of the masses. The contraparal- 
lelogram is obtained by making 7, = = 3,4) M2 = 
Under these assumptions the coordinates may be represented as 
follows: m,(a, 0), m(B, 7), m,(— 4,0), — +). The equa- 
tions of condition (4) reduce to the following set : 


ma + 2m,8 — = 0, 
2m(a— B) m,(a + 8) 


N?a 
11,2 nis 
(10) m(B—a) m (B-+- 
1,2 
2m, mM, 
N 7 + r3 


*Cf. Andoyer, “Sur l’équilibre relatif de corps,” Bull. astron., vol. 23, 
pp. 50-59 ( Feb., 1906). 
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Eliminating N* between the second and third of equations (10) 
there results the following condition upon the distances : 


ri, 12,3 

If equation (11) is satisfied, equations (10) furnish a system 
of two linear equations for the determination of the ratios of 
the masses. Hence in any case in which the solution is pos- 
sible the determination of the masses is unique. If the condi- 
tions upon the distances can be satisfied, the fourth of equations 
(10) insures a real angular velocity. 

Symmetric Configurations. In the case of three bodies at 
the vertices of an equilateral triangle there is no restriction 
upon the masses; they may be equal. In the case of four 
bodies at the vertices of a square the masses must be equal. 
In the case of n bodies it is known that, if all the bodies are 
equal, the regular polygon of n vertices is a possible configura- 
tion. It is known * also that if n equal masses are arranged 
at the vertices of a regular polygon, n other equal masses may 
be arranged at the vertices of another regular polygon, such 
that every mass of the second set lies upon a bisector of a cen- 
tral angle of the first polygon; that is, the 2n masses are ar- 
ranged upon the circumferences of two concentric circles. The 
configuration is symmetric with respect to the line joining 
any one of the bodies to the center and the masses are distri- 
buted symmetrically with respect to this line. A configura- 
tion possessing these properties may be called a symmetric 
configuration. 

For the consideration of symmetric configurations it is con- 
venient to employ polar coordinates. The equations of condi- 
tion, analogous to the system (2), are 


{r,; — 1, cos (0; — 8,)} 


(12) — N*, = 0, 


t= 1,2,---,n, 
(13) sin ( , 
j¥i 


j=l j 


It is obvious that for any symmetric configuration the equa- 


* Cf. R. Hoppe, ‘‘ Erweiterung der bekannten Speciallésung des Dreikér- 
perproblems.’? Archiv der Math. und Phys., vol. 64, pp. 218-23. 
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tions (13), involving sin (@;—@,), are satisfied. Some of 
the equations involving cos (0; — 9;) become identical, and the 
number of independent equations to be satisfied is consequently 
reduced. Suppose the number of masses is n = ki, arranged on 
/ concentric circles ; that is, upon each circle are k equal masses. 
As i takes the values 1, 2, ---, k, corresponding to the bodies 
on the circle of radius 7,, the resulting equations are identical ; 
as i takes values corresponding to the & masses on the circle of 
radius 7,, the equations are identical ; ete. Therefore the sys- 
tem (12) reduces to / independent equations involving N’, the 
1 — 1 ratios of the distances, and the / — 1 ratios of the masses. 
When 1? is eliminated from this system of / equations there 
results a system of / — 1 equations, linear and homogeneous in 
the masses, the coefficients being functions of the radii. The 
distances must be chosen so that the masses are positive. If 
the necessary conditions upon the distances can be satisfied, the 
ratios of the masses are uniquely determined by the solution of 
a linear system of equations. 

As a first example suppose n= 8. Four of the masses 
(m, = m, = m, = m, = m) are arranged on a circle of radius 7, 
and four (m, = m, = m, = m, = M) upon a circle of radius R. 
The configuration may be made symmetric in two ways, 


2) 4 

9 30 6. 5a 


1) (Fig. 1). The equations of condition (12) reduce to the 
following set : 
2mr 2mr M(r—f) M(r+ R) 


(14) 
= 


Selecting r for the unit of distance and m for the unit of 
mass, there results the following equation for the determination 
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of M when R is given: 


4B" (R-1P RY (1+ 
3) 

a 1 2 1 


M = 308.814. 


8 
Fig. 1. 


2) (Fig. 2). The equations of condition (12) reduce to the 
following set : 


R R 
2M(r—— 2M (r+ — 


(16) 
2m (2 =) 2m (x +5) 
2 2 2) J 


— +: IPs 


If R=2, M= 0.2636; if R=5, M=9.5914; if R=10, 
5 
| 
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6 5 
2 
\ \ 
3 
\ 
4 
7 8 
Fig. 2. 


Selecting r for the unit of distance and m for the unit of 
mass, there results the following equation for the determination 
of M when R is given: 

1 1 RY2—2 RV2+2 | 


(17) 
| 2R—y2 9R+ v2 


V2 4 RV14R—RV2) RV2) 
If R=2, M=2.622; if R=5, M=10.197; if R=10, 
M = 330.37. 
As a second example suppose n = 8 and that the masses are 
arranged on three circles as indicated in Fig. 3. Suppose 


m=m=M, 


= 
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The equations of condition (12) reduce to the following set : 
2, _ 2mr 2Mr 
= (Vr? + Rp 
(Rar 
2mR M2R 2M’R 
= 
(Vr? RR’) + (V R? R’y 
M(R-R) M(R+ R) 
(R+RY’ 
2M'R’ 


(18) 


7 2 
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Putting r = 1, m = 1, the following system of equations deter- 
mines M and M’ when R and #’ are given: 


(19) aM+bM’=c, 
where 
2 1 
a= 
2 1 1 
= - = 
2 1 1 


Ry RR + RY 


2 1 
(20) c=- 
(Yi+ 4 
2 2 
(V1+ RY (VR + R’) 
b 2 1 1 1 1 


1 1 ] 


If R=12, R=5; M=0.6331, M’ = 20.382. 
If R=13, R=5; M=0.4768, M’ =16.081. 
If R=14, R=5; M=0.3140, M’ =12.848. 


If R =1.5, R’ =5, the resulting value of Wis negative. In 
this case, also, the ratio of the diagonals of the rhombus formed 
by the inner bodies is limited, the upper limit lying between 
1.4 and 1.5. 

The preceding discussion refers to configurations which are 
fixed in size, so that each body revolves about the center of 
mass of the system in a circle. The results can be extended at 
once to the case where the configuration preserves always the 
same shape, but varies in size so that each body describes an 
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ellipse with the center of mass at one focus. As an example, 
consider the case of four bodies. The differential equations of 
motion in polar coordinates are 


dr, dé, 4m, cos os (0, @, 


j=! 
(i= 1,2, 3,4; 


Suppose the bodies lie at the vertices of a rhombus, which 
may vary in size, but in which the ratio p of the diagonals is 
constant, and selected within the limits 1/V¥3<p<y3. Sup- 
pose also that opposite masses are equal, m, = m, = m; 
m,=m,= M. Suppose that the ratio of the masses is deter- 
mined by the relation (7) [y/a =p]. We may make the follow- 
lowing conditions upon the coordinates : 


6,=0, 


r=r=r, pr. 


The set of equations (21) now reduces to the set (22) for the 
determination of 7 and 6, 


dr d@ 


(22) 
=0. 


These are the equations for elliptic motion. Let N = mean 
angular motion, and A= major semi-axis. We have the 


relation 
2M m 


(1 + 


This is the analogue of the relation N*A* = m, + m,, which 
holds in the problem of two bodies. 


= 


YALE UFIVERSITY, 
December, 1906. 
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ON THE MATRICES OF PERIOD A POWER OF 
p IN JORDAN’S LINEAR CONGRUENCE 
GROUPS, MODULO 


BY DR. ARTHUR RANUM. 
( Read before the American Mathematical Society, October 27, 1906.) 


Introduction. 


IN contrasting Jordan’s * linear congruence groups, modulo 
p*, with the more general “groups of classes of congruent 
matrices, modulo ( p**)”, which I have recently discovered,f it 
appears that in general the latter groups cannot be abstractly 
identical with any of the former groups of the same degree or 
subgroups thereof, and are therefore new groups of that degree, 
abstractly as well as concretely. The proof of this assertion 
given in the paper just referred to depends for its validity on 
certain properties of Jordan groups to be derived in this note. 
These properties have to do with the matrices of period a 
power of p. Moreover a formula is found for the vth power of 
any matrix. 

The vth Power of a Matrix. 


1. Consider any n-ary matrix M=(m,), where m, 
(i,j = 1, ---, n) is the element in the ith row and jth column. 
Denote its a power by M’ = (mip where v is a positive in- 
teger. Then m'!) =m, (i,j =1, 

For many purposes, including the application to Jordan 
groups that is to follow, it is convenient to put m,,=1 +4 /,, 
(i,j =1,---,n; to write M in the form 


12 
‘. 1+/,, 


and to segnete its vth power in terms of the partial elements /,, 
(i,j =1,---,n). If the symbolic addition and subtraction, as 
well as eiltialeastinin, of matrices be defined in the usual way, 


" * Jordan, Traité des substitutions (1870), pp. 91-110, and in particular 
pp- 103-105. 


t Transactions Amer. Math. Society, vol. 8, No. 1 (Jan., 1907), pp. 71-91. 
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and if the special matrix (8,), where 5, = fe itiaz, be denoted 
by J, then we have (m,;) = (8, )+ (ly); ie, M=I+CL. 
Therefore 


(1) Me = (I+ Ly (7) 


which is equivalent to the n? equations 


v 
(2) m= 8, + > ( (@j=1, n), 


by means of which the elements of M” are expressed in terms 
of the corresponding elements of the powers of L from the first 
up to the vth. Moreover, since every element of [* is a homo- 
geneous function, of degree u, of the elements of L, every ele- 
ment of M” is a function, of degree v, of 
the partial elements /,, (i, 7 = 1, ---, n) of M, and its terms of 
# are together ‘equal to wy 

. To find these terms of degree Hw, i. e., to express L* 
(u = 2,---, v) in terms of LZ, there are at least two distinct 
of procedure. 

(a) Since L* = LL*—", we have the recursion formulas 


i,j=1,---,n, 
by means of which every element of [* is expressed in terms 
of the elements of a single row of Z and a single column 
of L*—'. 

(6) Putting TJ and denoting by d, (r = 1, ---, n) the 
sum of the principal (n — r)th minors of the determinant of L, 
so that d, is the determinant itself, we can write the identical 
equation * that Z satisfies in the form 


= > 
r=1 


If we multiply this equation by (u= 12, ---, v) 
and derive the equations 


(4) =>(-1)"'d (w=n, n+, ---, »), 
r=} 


*Cayley, ‘‘Collected mathematical papers,’’ vol. 2, pp. 482-492. Fro- 
benius, Crelle’s Journal, vol. 84, pp. 1-16. Taber, Amer. Jour. of Mathematics, 
vol. 12 (1890), pp. 357, 358. 
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which are equivalent to the recursion formulas * 


= r—1 i,j=1,--+,n, 


in which d, (7 = 1, ---, n) is independent of 7, j and pw. By 
means of (5) every element of L, (u=n) is expressed in terms 
of the corresponding elements of the n next lower powers of L 
and the principal minors of the determinant of L. 

3. By repeated applications of (3) or (5) all the powers of L 
from L? to L” can be computed, except that if n > 2, (3) must 
be used to find the first n — 1 powers, after which either (3) or 
(5) can be used to find the rest. Finally, the substitution of 
the values so obtained in (2) gives the vth power of M in the 
required form. 


Jordan Groups: Certain Invariant Subgroups. 


4. Let G be an n-ary Jordan group, or linear congruence 
group, modulo p*, where p is a prime and @ is a positive 
integer, i. e., G comprises the totality of the n-ary matrices, 
whose elements are residues of p* and whose determinants are 
prime to p, these matrices combining with each other by multi- 
plication. In G@ consider the invariant subgroup H,, whose 
matrices are congruent to the matrix J, modulo p’ (6 = a), and 
are therefore of the form I + p’L. Clearly H, = G itself, and 
H =I. If b>0, H, is of order p**—” and its matrices are 
all of period a power of p. These groups H,, H,, ---, H, 
form a series, each of which contains the next in order and 
therefore all that follow it. 

5. If, in order to indicate the fundamental modulus p*, we 
introduce the additional subscript a and write G, for G and 
for H,, then it is clear that G,/H, , = G, (6=0, ---, a), 
and, more generally, that H, , / ,=H,,.(b,c=9, ---, a; 

6. THEOREM 1.¢ The commutator of a matrix of H, and a 
matrix of H, is a matrix of H,,, if b+ ca; while if b+c=a, 
every matrix of H, is commutative with every matrix of H.,. 

Proof. Let L,=J+p’L and M.=I+p‘°M be any two 


* For the cases n = 2 and n = 3 these formulas were derived by direct cal- 
culation, without the use of the identical equation, by Weltzien, ‘‘ Ueber 
Produkte und Potenzen von Determinanten,’’ Berlin, 1897. 

¢ The first part of this theorem was proved by Jordan for the case c—1, 
Traité des substitutions, p. 104. 
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matrices of H, and H, respectively. Then 


mod p*, 
and 
p*ML, mod p*. 


Therefore, if b+ c=a, 
L,M,= mod p’*’, 


TI, mod p’**, 


which proves the theorem. 

Corollaries. Putting c= a—b, we see that if b=a/2, 
every matrix of H7_, is invariant in H,. Again, putting e=6, 
we see that if b = a/2, all the commutators of H, are contained 
in H,,; while if b= a/2, H, is abelian. Therefore if a is 
even (= 2a’), H,, is abelian; while if a is odd (= 2a’ — 1), 
H,, is abelian. 

7. Let the totality of the matrices of H, that are not con- 
tained in its subgroup H,,, be denoted by H, — H,,,. Sup- 
posing a> 1, consider the subgroups H,, ---, H,, leaving H, 
out of account. 

THEOREM 2. Every matrix of H, — H,,,(6 = 1, ---,a— 1)* 
is of period p*—’, except when b = 1 and p= 2. 

Proof. Let L,=I+p’L be any matrix of H,. Then by (1), 


Le’ =TI, mod p’, 


and the period of L, is a divisor of p*~’. Moreover, 


a—b—1 
Te =I+p*'L+ ) +--+, mod p’, 
where the remaining terms are all divisible by p*, and, except 
when 6 = 1 and p= 2, the third term also; so that the con- 
gruence reduces to the form 


Le’ =I+p*"L, mod p*. 


Now if the period of L, is less than p*-’, L is divisible by p 


and J, is contained in H,,,. This proves the theorem. 


* A simple example, for n = 2, is ( }, }). 


— 
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Moreover, it is easy to see that if p = 2, H, — H, contains 
matrices not only of period 2*-', but also of periods 2°’, - - ., 2.* 


Jordan Groups: Sylow Subgroups of Order a 
Power of p. 


8. In the n-ary Jordan group G, modulo p*, consider the 
totality of matrices of the form 


1+ PAy Pr. PM, 
An 1 + 
in which 
(6) l, = 0, mod p (i, j=1,---,-n; i—j =0). 


It is Be to verify that they form a group of order 
pre-e» and therefore a Sylow subgroup of G.{ Call it 
H and its conjugates H’, H%, etc. The greatest common sub- 
group of H, H’, ete., is evidently H,, the periods of whose 
matrices aes been determined in § 7. 

9. It remains to find the periods of the matrices of H — H.,. 
In order to raise M to the vth power by means of (1) and (2), 
it will be necessary to find the p-factors (powers of p that are 
factors) of the elements of the different powers of L. 

From (6) we derive by induction the formula 


(7) =0, modp (i,j=1,--..n; i—j 
For, by (8), we have 
tk kj? 


k= 


every term of which, in view of (6), and (7),,, is divisible by 
p, ifi—j =p. Therefore (7) holds for all values of yw. 
Moreover, 


Li! kn 


*E. g., the binary matrix of period = 1, ---, a—1). 
t This fact was pointed out to me by Professor Dickson. 


= 
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is divisible by p’. From this fact, by induction, we derive the 
formula 


(8) (=0,modp? 
For we have 


i-1 n 
(m) 


which is divisible by p’, if i —j=u—n. 
The more general formula 
(9) ty) = 0, mod 

2; =1, ---,n,i—jSu—1— bn), 
of which (7) and (8) are special cases, can be proved in a simi- 
lar manner. 

Since i —j is always less than n, (9) gives rise to the formula 
(10) I) =0, mod p’ 
(6=1, 2,---; w= bn, n); 


i. e., every element of L’, [’**', --- is divisible by p’. 
10. If M be chosen such that 


(11) modp (i,j=1,---,n; i—j=k— 1), 
then by a similar process the formulas 

(12) modp (i,j=1,---,n; i—j=ku —1), 
nd 


a 
(13) ly) = 0, mod p’ 
[u=2; i,j =1,---n; —1)—n], 

can be derived. 

11. We are now prepared to prove 

THEOREM 3. If p>n— 1, p* is the highest power of p that 
is the period of any matrix of the n-ary Jordan group, modulo p*. 

Proof. Let M= I+ L be any matrix of H. Then 


pe 

ur ¥( )zs, mod p*. 
u=l 

Suppose that the G. C. D. of » and p*is p’. Then it is clear 

that (?*) is divisible by p*-’. Moreover, since p =n, there- 

fore p’ = bn, and »=bn. Consequently, by (10), every ele- 
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ment of [* is divisible by p’. Therefore, finally, 
M“=TI, mod p*; 


i. e., the period of every matrix of H is a divisor of p*. More- 
over, matrices whose period is exactly p* exist in H — H,,* and 
the theorem is proved. 

If n = 2, the condition p > n — 1 is always satisfied and the 
theorem is true for all values of p. 

If a=1, and p>n—1, the theorem shows that every 
matrix of H — I is of period p. 

12. By a similar argument we derive the more general 

THeoreM 4. If p’<n=Sp’*', then p**” is the highest power 
of p that is the period of any matrix of the n-ary Jordan 
group, modulo p*. 

Moreover, matrices of period p*, ---, p**’ evidently exist in 
H— H,.+ 

13. The question now arises whether H — H, also contains 
matrices of lower period than p*. 

TueoreM 5. If p>n-+1, the period of every matrix of 
H — H, is exactly p*. 

Proof. The proof consists in showing that if the period of 
a matrix M of His less than p*, then M must belong to /.. 
Assume that J/”*" = J, mod p*. Since 


it follows that 


which gives rise to the n? congruences 


” 
(14) (7, ) = 0, mod pr (i, j=1, ---, 0). 


Remembering that the elements /,, satisfy (6), we wish to show, 
as a consequence of (14), that they are divisible by p for all 
values of i and j. 


* E. g., ifn =2, the matrix (} ¢). 
g., if n=3, p=2, a=1, and therefore b—1, the matrix (i 1 °), 
belonging to H— J, is of period 4. 


=0, mod p’, 
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In the first place, of the n? congruences (14), those for which 
i —j =0 are identically satisfied. For, by (7), [¥) is in this 
case always divisible by p; moreover, if the G.C. D. of » and 
p*'is p’, (2*") is divisible by p*-’-', and since p> 1+, 
pr>it bn, so that, in view of (9), ly) « —j = 0) is divisible 
by 

Next, in those congruences (14) for which i ~j = 1, exactly 
the same reasoning applies to every term except the first. 
Therefore, those congruences reduce to the form p*—'/,, = 0, 
mod p* (it —j = 1), or J, = 0, mod p (i—j = 1), which, com- 
bined with (6), becomes. 


(15) l;, = 0, mod p (i—j=1). 


If n = 2, this proves the theorem. If n> 2, this additional 
limitation on Z makes it A ppesy: to reduce those congruences 
(14), for which i —j = 2, 3, to a simple form. For, petting 
k = 2 in (12), we see that be = 0, mod p (u>1; i—j =2, 3). 
Moreover, putting k = 2 and w= =p in (13), and noting that 
since p>n+1, 2(p — 1)— n>n=3, we see that, if wu is 
divisible by p, ae) (i —j = 2, 3) is divisible by p®. A fortiori, 
if is divisible by p’, = 2, 3) is divisible by pt, 
Therefore those congruences (14), for which i —j = 2, 3, re- 
duce to the form p*~/,, = 0, mod p* (i —j = 2, 3) or ‘i = 0, 
mod p (i —j = 2, 3). 

ifn = = 3 or 4, this proves the theorem. If n> 4, another 
application of (12) and (13), putting k = 4, shows that l= 0, 
mod p (i —j = 4, 5, 6, 7); and by continuing this process we 
finally see that /,, is divisible by p for all values of i and j, and 
therefore that the theorem is true for all values of n. 

14. If p=n+1, it is easy to see that theorem 5 is not 
true, and that H —H, contains matrices of period p, p’, -- -, p*—' 
as well as p*. Indeed G— H, contains matrices of period 
2, 3, n+ 1, independently of any modulus. g., if 
n= 4, G— H, contains the matrix 


10 1 0 
l1 00 


which is equivalent to the linear substitution zx; = x,, 7, = 2, 


J 
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x, = 2, x, = x,, and is therefore of period 4, independently of 
any modulus. A fortiori, G— H, contains similar matrices 
of period 2 and 3. Moreover, the matrix 


0 oO 


also of G— H,, is of period 5, independently of any 
modulus. For it is equivalent to the linear substitution 
be by equation 2, +2, + + 2, then 
the linear substitution is equivalent to the eyclic permutation 
(x v,x,,2,), which is of period 5. 


Jordan Groups: Final Results. 


15. By combining the results obtained in §§ 7, 11-14, we see 
that the periods of the matrices of 7 — #7, are (a) p, ---, p*, --+, 
p’, if pSn—-1, (6) p, ---, p*, if p=nor (c) p’, if 
p>n+l. Moreover, if we divide the matrices of sel a 
power of p into the classes >(H— Hf), H,— H,, H,— Hy, - 
H,_,—I1, where — =(H— H) 
we have the means of determining, for any given values of n fad 
p, the exact range of the periods of the matrices in each class. 

The following table gives these periods for a few small values 
of n and p. 


Q,--. 2 Qo-1,...,2 | Qe-2 
p=3 3, 3 | Lu 
p=2 | getl ga 2| 9-2/1...) 2 
n=5 p=5 54, 5 52-1 | 5a—2 | 5 
p=7 | | 7 


The groups of simplest structure are ro in which p>n+1. 
In every such group we have an exhaustive classification of 
the matrices of period a power of p, viz., those of period p’? 
(6=1, ---, a—1) belong to H,_,— H_,,,, and those of 
period p* to — #7). 


= 
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16. As applied to these groups, Theorem 1 can now be stated 
in the following more significant form : 

THEOREM 6. In an n-ary Jordan group, modulo p*, for 
which p> n + 1, the commutator of a matrix of period p’ and 
a matrix of period p* is a matrix whose period is p’*** or a 
lower power of p, if b+ ¢ =a, while if b + ¢ Sa, every matrix 
of period p’ is commutative with every matrix of period p*. 

Under the same restriction that p> n +1 we have the 

Corollaries: In the subgroup generated by the matrices of 
period p’(b = a/2), every matrix of period p*~’ is invariant. 
The commutator of any two matrices of period p’(b = a/2) 
is a matrix whose period is p”-* or a lower power of p; 
while if 6 = a/2, any two matrices of period p’ are commuta- 
tive. If 4 =a/2, the matrices whose periods are divisors of 
p’ form an abelian subgroup of G. 

CORNELL UNIVERSITY, 

December, 1906. 


ON THE CONSTRUCTION OF AN INTEGRAL OF 
LAGRANGE’S EQUATIONS IN THE 
CALCULUS OF VARIATIONS. 


BY DR. D. C. GILLESPIE. 


(Read before the American Mathematical Society, December 29, 1906.) 


1. Darsoux * has proven the theorem : 


02 


2 
When ay f F(y’, y, and (2) F'(y’, y, x)dx 
1 
(y’ = dy/dx) 


lead to the same Lagrange equation ; 7. e., when the first varia- 
tion of integrals (1) and (2) equated to zero give the same 
differential equation (8) y’’ = o(y’, y, x), where y’’ = d?y/dz’, 
then F,,,,,/ Fy = const. (literal subscripts denote partial deriva- 
tives) is an intermediary of equation (3). 

2. This theorem can be proven with very little algebraic 
work by making use of Hilbert’s + independence theorem 
(Unabhingigkeitssatz). 


* Darboux, Théorie des surfaces, vol. 3, pp. 59-65. 
+ Hilbert’s Vorlesungen tiber Variationsrechnung, Winter-Semester, 1904- 
1905. 


= 
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This latter method lends itself readily to the investigation of 
the problem for a system of differential equations. 


Let (5) Fess y’,y,x)dx and (6) 
1 1 


be two integrals, the vanishing of the first variation of which 
leads to the same system of differential equations 


(4) 2), az’, 2, y’, y, 2). 


The purpose here is to show that 


P F’ F’ = const. 


is an integral of the system (4) (in case of course the quotient 
itself is not identically constant). 

The method of proof for a system of two differential equa- 
tions gives at once the result for a system of m equations. 

Out of the integrals (5) and (6) are built the integrals 


(5’) { F(q, 2, %) + — p)F, + dx, 


6) 


The method requires that there exist a p(x, y, z, a, B), q(x, Y, 2, 
a, 8) (where a and 8 are arbitrary constants) which make 
integrals (5’) and (6’) independent of the path of integration. 
Although not every pair of functions p(x, y, z,), g(x, y; 2) 
which render (5') independent of the path will necessarily 
render (6’) independent of the path,* yet it follows from the 
results obtained by Mayer { that there exists a two-parameter 
system of functions p(z, y, z, 9, 4, B), 9(x, ¥, 2, 4, 8) which 
makes both integrals independent of the path of integration. 
We may assume therefore two such functions, p and q ; it fol- 
lows then that the integrand of each of the integrals (5’) and 
(6’) is an exact differential for all values of « and 8 and hence 
their derivatives with respect to a and 8 will be exact differen- 


* There is an exainple showing this in my thesis, ‘‘ Anwendungen des 
Unabhingigkeitssatzes auf die Lésung der Differentialgleichungen der Varia- 
tionsrechnung’’ (Gottingen 1906). 

t Math. Annalen, vol. 58. 
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tials. Differentiating (5) with respect to « and 8 and equating 
to zero, we obtain the two exact differential equations 


(7) (y’ — p)(F,,Pat F 9.) + — 9) (F,, Pa + = 9, 
(8) —p)(F,, Ps + + (2: Ps + = 9- 


If B and C represent the coefficients of y’ and z’ in equa- 
tion (7), then the remaining terms A are — pB— qC; in the same 
way, B,, C, and A, representing corresponding members of 


equation (8), 4, = —pB,—qC,. The equations being exact, 
A, = B,, A, = C,, B, = C, and A\=B,,, A,.=C,,, B,.=C,. 
The identity 


therefore follows. This method applied to integral (6’) gives 
the second identity 


(1 ) dx | By? | C’ C | +59 C 
where B’, Ci, have corresponding meanings. 

If we denote by m(x, y, 2, p, 7) the quotient 

B, 
lc al je’ ¢ 
we obtain for m the identity in x, y, z, a and B 


om + Om ‘ om 
P= +95, 
(11) Ox oy Oz 
[p p(x, Y, %, &, B), q(x, Y, 2, a, 


|" PP Pp 
ms 

is a known function of x, y, z, p and q. 


= ¥, 2, 4, B), = q(x, 2%, &, B) 
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is moreover according to the independence theorem an inter- 
mediary integral of the system of equations (4). If now we 
choose any particular solution of equations (4) y = 7(x), z = 2(2), 
then a pair of values of a and 8 always exists, which we will 
write a,, 8,,-such that p(x, 7(x), 2x), a, 8,) = W(x), g(x, 3 Wx), 
2Z(x), a,, 8,)= 2x). When we substitute for y, z, p and q in 
the identity (11) the functions 7x), y'(x), 2’(x), we obtain 
an identity in #; but (11) becomes in this case the total differ- 
ential quotient of m with respect to 2. 
dm 
0, m= const. 
Since (x), 2(x) were chosen arbitrarily, every solution of the 
system of equations (4) substituted in m gives a constant ; hence 


mx, = const. 


is an integral of the system (4). 

A substitution which leaves system (4) invariant transforms 
the integral of which (4) are the "Lagrange equations either into 
itself or into a new integral which has the same Lagrange equa- 
tions. In this latter case, the one integral being given, the 
construction of such a substitution is equivalent to the con- 
struction of an integral. 


CORNELL UNIVERSITY, 
December, 1906. 
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Zahlentheorie. Fimfter Teil : Allgemeine Arithmetik der Zahlen- 
kérper. By Bacumann. Leipzig, B. G. Teubner, 
1905. xxii + 548 pp. 

Einleitung in die allgemeine Theorie der Algebraischen Gréssen. 
By Juxius Konic. Leipzig, B.G. Teubner, 1903. x +564 
pp. 

THERE has been but little activity in America in this im- 
portant and fascinating field. It seems appropriate, therefore, 
to preface this review with an elementary introduction to the 
subject. We shall consider the simpler features of the theory 
of quadratic number systems, for which the phenomena are 


y’2’ 2/2’ | 
| 
| 
| 
| 
| 
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typical of the general case, while the treatment may be made 
so simple that the fundamental ideas are not obscured by the 
algebraic intricacies and abstract character of the general 
theory. It is highly desirable that a very large circle of 
readers shall acquire a clear insight into the nature of this im- 
portant field ; it is hoped that not a few will be induced by this 
introduction to pursue this interesting subject in its generality, at 
least as far as developed in the admirable treatises under review. 

Although the fundamental laws obeyed by integers, such as 
unique decomposition into primes, were observed by Gauss to 
hold true for his complex integers a + bi, this is rarely the 
case with the system of integral algebraic numbers determined 
by a root of a given algebraic equation with integral coefficients. 
Thanks to the genius of Kummer, Dedekind, and Kronecker, 
the introduction of “ ideals” brought complete harmony out of 
chaos, and marked one of the greatest triumphs of mathemat- 
ical endeavor. The elaboration and extension of the theory 
have given rise to an extensive literature, a detailed report of 
which has been prepared by Hilbert, Jahresbericht der Deutschen 
Mathematiker- Vereinigung, volume 4 (1894-95), pages 175- 
546. In addition to its great theoretical importance, the sub- 
ject has vital relations with other branches of mathematics, e. 7., 
Galois’s theory of algebraic equations, algebraic functions and 
their integrals, and diophantine equations. 

A number 7 is called algebraic if it is the root of an equation 


=0, 


with a,, ---,@, rational numbers. Of all such equations satis- 
fied by 7, there is an unique one of minimum degree m, neces- 
sarily irreducible, and 7 is called an algebraic number of the 
mth degree. When m= 2, 7 is called quadratic. 

If the above coefficients a, are integers, 7 is called an integral 
algebraic number. Examples are /2, — 1, } +31 —3. 

We consider the system R(t) of all rational functions of 7 
with rational coefficients, where 7 is a given quadratic algebraic 
number. We may set 7 = 7 + sVd, r and s rational numbers, 
s+ 0, while d is an integer, other than + 1, not divisible by a 
perfect square. Evidently the system R(7) is identical with 
the system R(1/d) of all rational functions of 7/d with rational 
coefficients. 
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Lemma I. In R(Vd), the integral algebraic numbers are 
given by « + y@, where x and y are integers, and 


6=YVd, if d=2 ord =3 (mod 4); 
6 = 3(1+ Vd), if d=1 (mod 4). 


Consider a + bY d, a and being rational, b+ 0. It and 
its conjugate a — bd satisfy the equation 


2 — 2az + — db?’ = 0. 


Assuming that the coefficients are integers, we determine the 
character of a and Since 2a and — 4db? are integers, 
while d has no square factor, 2b must be integral. Hence 


a=a/2,b= 8/2, (a and 8 integers). 


It remains to require that a? — db’, viz., (a? — d8’), be inte- 
gral. If d =2 (mod 4), a must be even and hence a and 8 
both even. If for d= 3(mod 4) a were odd, }(1 — 38°) 
could not be integral. Ifd=1(mod 4), a and 8 must both 
be even or both odd, so that a + bid is of the respective 
forms + + O, where and are integers 
Setting2=rA— pw, y = 2p + 1, re- 
spectiv ely , we getx+y6. The lemma is therefore proved. 

Given two integral algebraic numbers a and 8 of a domain * 
R(@), we shall say that a is divisible by 8 if there exists in 
R(@) an integral algebraic number g such that a = Bq. 

For d = —1, the integral algebraic members of R(i) are 
Gauss’s complex integers x + yi. Two complex integers a and 
a, have a greatest common divisor 6, defined by the two 
properties : 

1. a and a, are divisible by 6; 

2. Every common divisor of a and a, is a divisor of 8. 

Here 6 may be determined (uniquely up to a factor + 1, + #) 
by the following process: Set a/a,=a-+bi and determine a 
complex integer 2+ yi such ‘that the norm 


* Our interest will always center in a domain defined by a root 4 of a 
given algebraic equation. There is little interest in the arithmetic of the 
system of all integral algebraic numbers of all degreeg. In fact, decomposi- 
tion is then unlimited. Thus 1—a%a”%, where a% is integral algebraic 
when a is. 
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(6 — y)° of a/ a, — & shall be less than unity ; we have only to 
select integers « and y such that |a—a#|=3,|b—y|=}. 


Then 


a=€a,4+4, norma,< norma, 


where a, is a complex integer. If a, + 0, we proceed similarly 
with a, and a,, and determine complex integers &, and a, such 
that 

a,=&a,+a, norm a, <norma,. 


Since the norms of @,, 4,, a,,--- form a series of decreasing 
positive integers, we must reach a term a@,,, of zero norm. 
Then a, is the required number 6. It is now a simple matter 
to prove* that every complex integer can be expressed as a 
product of primes in one way and essentially but one way 
(i. e., up to a factor +1, + 7). 

In general, the state of affairs is entirely different. For 
illustration, we take Dedekind’s simple example d = — 5 (De- 
dekind, 1. ¢., page 451 and 547; Konig, pages 19, 93). In 
R(@), where 6 =  — 5, the integral algebraic numbers are 
«+ y0, x and y integers (LemmalI). Here there are two 
ways of factoring 9, viz., 


(1) 3.3= (2 + 6\(2 — 6), 


while 3, 2 + @ differ from the units (here + 1) and each is in- 
decomposable in R(@), i. e., has no factor other than itself, its 
negative, and +1. For example, if 


24+0=(x+ + 
then 

2— 0 = (x — yO\(z — w). 
By multiplication (or by taking the norms in the first equation), 
(2) 9 = (x? + 5y’)(2 + 5w’). 


But x + 5y?=3 is not solvable in integers. Hence one of 
the assumed factors of 2 + @ must be +1. This discussion of 


* Dirichlet-Dedekind, Zahlentheorie, 1894, pp. 434-450. On p. 450 
Dedekind cites eight further examples of quadratic number systems in which 
an analogous g. c. d. process holds. For the case of negative discriminant, 
Birkhoff has determined geometrically (Amer. Math. Monthly, Aug., 1906) 
all such quadratic number systems. 


= 
= 
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(2) shows that also 3 is sm ag Hence 9 has two 
sets of indecomposable factors (1). There are other respects in 
which the laws of arithmetic’ here fail. Although 3 is inde- 
composable it does not have the true nature of a prime, since 
by (1) 3 divides the product (2 + 6)(2 —@) but does not 
divide either factor. Again as Konig points out, the numbers 
9 and 3 — 66 have no greatest common divisor in the sense 
1, 2, above. In fact the only factors (apart from sign) of 9 
are 1, 3,9, 2+ 0; the only factors of 3 — 60 are 1,3, 1 — 20, 
2—0,4-—6,3 —60. The common factors are 3,2 2— 6, 
no one of which is divisible by the other two, as seen above. 

To overcome these difficulties Kummer would introduce 
“ideal prime numbers” a, f, y, such that 


3=a48, 24+0=0, 2—0=f*, 1—20= fy. 


Thus each member of (1) decomposes further into a78’, so that 
there is only one decomposition of 9 into ideal primes. Again, 
there is now a greatest common divisor of 9 and 3 — 60 = aB’y, 
viz., 28°. Dedekind * has given a complete treatment by 
Kummer’s ideals of the laws of divisibility in the system of 
integral algebraic numbers of this domain J?(“— 4); he empha- 
sizes, however, the delicacy of the problem and the net cessity of 
“the greatest cireumspection.” Kummer and his followers 
succeeded in applying his method to but few types cf domains 
(ef. Bachmann, pages 150-159). In addition to the practical] 
difficulties, there is the logical objection to Kummer’s theory 
that an ideal number is not defined in itself, but merely its 
presence or absence as a factor of an existing integral complex 
number (the criteria being congruential conditions). As Kum- 
mer’s work is now of mere historical interest, we pass to 
Dedekind’s method which is open te none of the objections 
cited We shali go into details only for quadratic domains. 
Let @ denote a fixed quadratic number defined as in Lemma 
{, and consider the system [(@) of integral algebraic numbers 
E—2-+ 6,2 and y being integers. If uw is a fixed number of 
(0), the’set of products Eu is closed under addition and sub- 
traction, since + Ey = (€, + and also under multi- 
plication by any number p of J, since p(Eu) = (p&)u, and since 


ves mathématiques et astr., ser. 2, vol. i (1877), p. 69. In 
) rticles in this and the preceding volume Dedekind gives an 
elementary account of Kummer’s method and the origin of his own theory. 
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the product p& of two numbers of J belongs to J. This par- 
ticular set of all the multiples of » will be called a principal 
ideal («). In general, we define as an ideal any system S of 
numbers * of J(@) which have the two properties stated, viz., 

(A) The sum and difference of any two (equal or distinct) 
numbers of the system S are themselves members of this 
system S; 

(B) Every product of a number of the system S and a num- 
ber of the system J(@) is a number of the system S. 

We proceed to give a simple formula for the numbers of 
such an ideal S. We first investigate systems S having prop- 
erty (A) only. The numbers of S fall into two sets: k,, k,, 
k,, ---, and /, + 1,+m,0,---, where nom,=0. Let k 
be the greatest common ae of the integers |k,|, |k,|,---, 
and m that of |m,|,|m,|,--- A suitably chosen linear com 
bination of the 4 m0 gives 1+ lan integer. Hence the 
system S contains k and 1+m@. Conversely, any number 
x + y@ of S is a linear function of k and/+m@. For if y= 0, 
x must be a multiple of k; while if y + 0, then y = qm, so that 


v+ — + m0) =2x— ql 


is an integer and hence of the form q’k. We thus have 

Lemma II. Any system of numbers of J(@) which has 
property (A) may be exhibited as the set [k, /+ m6] of all 
linear homogeneous functions with integral coefficients of / and 
i+ m@, where k and m are positive integers and / an integer. 

We next require that S shall have also property (2). The 
necessary and sufficient conditions are that 40 and (/ + mO)6 
shall belong to S. By Lemma I, there are two cases 


(3) P—d=0; —-d)=0. 


In either case, the preceding conditions require that / and / be 
divisible by m. Hence S=[ma, m(b + @)], where a and b 
are integers, a> 0. In this notation, we examine more min- 
utely the condition that m(b + @)-@ shall belong to S. For 
ease (3,), this equals md +mb@. But b-m(b + @) occurs in S. 
By subtraction, we get the integer mb? — md, which occurs in 
S if and only if 6? —d is a multiple of a. Treating case (3,) 
similarly, we obtain 


* We exclude the system composed of zero only. 


— 
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Lemma III. For a quadratic domain defined by a root of 
one of the equations (3), the ideals are given by [ma, m(b + @)], 
where a, b and mare integers subject to the respective con- 
ditions 


(3) b&—d=O(moda); 6° +6+ }(1 —d) =0(mod a). 


Multiplication of ideals is defined as follows: If » ranges 
over the numbers of an ideal S, and p’ over the numbers of an 
ideal S’, then the products wy’ and their sums form an ideal 
S”, called the product of the factors S, S’, and designated SS’. 

In particular, for 6 = d, the product of 


S =[ma, m(b + b> =d (mod a), 
and the conjugate ideal 
S, =[ma, m(— b + @)] 
is the ideal SS,, expressed initially in the form 
[m?a*, m’a(— b + 0), m?a(b + 8), — +'d)], 


viz., the aggregate of the linear homogeneous functions with 
integral cofficients of these four numbers. Let ¢ denote the 
integer (b°—d)/a. After obvious modifications, we have 


SS, =[m?a?, 2m?ab, m*a(b + 


The greatest common divisor of the first three numbers is 
mag, where g denotes that of a, 2b,¢. If aande had the 
common factor 2, then l?>—d=ac=0O (mod 4), and b?+0 
(mod 4) since d has no square factor; hence would 1? =1, 
d = 1 (mod 4), which contradicts the present hypothesis (Lem- 
mal). Hencegisodd. If g>1,b?’—d=ac=0 (mod), 
and d would have a square factor g’. Henceg=1. Since a, 
2b, ¢ have the greatest common divisor 1, a suitable linear 
combination of them equals 1. Hence 


SS, = [m’a, m’a(b + 0)] = [m’a, 


and hence is formed of all the complex integral multiples of 
m’a, i. e., is the principal ideal (ma). 
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For the case (3,), we denote the second number (3’) by ae, 
and find similarly that the greatest common divisor of a, 26 + 1, 
e is unity, since d=(2b+41)?—4ac. Setting S, = [ma, 
m(b + @)], where @ is the second root of (3,), we find as before 
that SS, is the principal ideal (ma). Hence we have 

Theorem I. For a quadratic domain, the product of any 
ideal and its conjugate is a principal ideal. 

Corollary. If SS’ = SS’’, then S’ = S’’. 

For, if S, is the ideal conjugate to S, then SS, is a principal 
ideal, say (¢), where ¢ is an integer. Then 


SSS’ = S,SS8’’, (t)S’ = 


so that the ideals S’ and S’’ include the same numbers. 

Theorem II. If all the numbers of an ideal C belong to 
an ideal A, there exists an ideal B such that AB= C, and 
conversely. 

Under this first hypothesis, the numbers of CA, belong to 
the principal ideal AA, =(f), A, being the conjugate to A. 
Thus the numbers of CA, are At, A,f,---, the in 
Since properties (A) and (B) hold for the ideal C'A,, we have, 
for every number p of 1(8), 


Ae + Ayt= Af, Af, = Ay, 


Ay rj, >, belonging to the set A,, A,,---. Since the factor ¢ 
may be dropped, the numbers X,, A,, --- themselves have the 
characteristic properties (A) and (B) of an ideal, and hence 
form an ideal B. From CA, = B(t) and AA, = (t) follows 
C= AB, by the preceding corollary. 

The converse proposition that every number of AB belongs 
to A follows from the definition of multiplication of ideals and 
properties (B), (A). 

According to Dedekind, who is followed by Bachmann, an 
ideal Cis said to be divisible by an ideal A if all the numbers 
of C belong to (occur in) A. According to Hurwitz,* Hilbert, 
and others, an ideal C is divisible by an ideal A if there exists 
an ideal Bsuch that C= AB. In Theorem II, we have shown 
(for quadratic domains) that the two definitions ¢ are in com- 
plete accord. 


*** Ueber die Theorie der Ideale,’’ Gottinger Nachrichten, 1894, pp. 291- 
8 


é Dedekind’s objections to the second definition are given in the Gdéttinger 
Nachrichten, 1895, pp. 106-113. 
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Lemma IY. A positive integer ¢ occurs only in a finite 
number of ideals of a given quadratic number domain. 

For, if [£, 1+ m@] is an ideal containing ¢, it follows from 
the proofs of Lemmas II and III, that & is a divisor of t, and 
m a divisor of k, while obviously / can be reduced modulo k. 

Theorem IIIf. Any ideal A is divisible by only a finite 
number of ideals. 

If A, is the ideal conjugate to A, then AA, is a principal 
ideal (¢), by Theorem I. This integer ¢ thus occurs in every 
ideal which divides A. 

The principal ideal (1), which is evidently composed of all 
the integral algebraic numbers of the domain, plays the réle ot 
unity in multiplication and division. An ideal, different from 
(1) and divisible by no ideal other than itself and (1), is called 
a prime ideal. 

Theorem IV. If the prime ideal P divides the product 
AB, it divides A or B. 

Suppose that P does not divide A. Then the ideal com- 
posed of the linear combinations of the numbers of both A and 
P divides P and yet is distinct from P, and hence is (1). 
Hence 1 = a + 7, where a is some number of A, 7 some num- 
ber of P. Let 8 be any number of B. Then 8 = a8 + 78. 
By hypothesis, a8 oceurs in P. Hence by the definition of 
ideals, 8 occurs in P. Hence B is divisible by P. 

Theorem V. Every ideal A, other than (1), can be 
expressed in one and but one way as a product of a finite 
number of prime ideals. 

If A is not itself a prime ideal, it has a divisor A, distinct 
from (1) and A, and A= 4A,A,, whee As is distinct. from A 
and (1). If one of the ideals A, and A, is not a prime ideal, 
it equi the product of two ideals, we get A = A’ A’ 
This procedure ultimately terminates, so that A is divisible by 
a prime ideal. In fact, by Theorem III, A is divisible by 
only a finite number n of ideals. Hence A is not equal to a 
product of more than n ideals, equal or distinct, but + (1), 
since a relation A = B,B,--- B,,, would require the existence 


atl 
of the n + 1 distinet ideal divisors B,, B,B,, +--+, 
We therefore obtain a factorization A = P.- -. Pinto prime 
ideals. 


This factorization is unique in view of Theorem IV. 

It now follows that ideals obey the fundamental laws of 
divisibility holding for integers. The arithmetic of ideals thus 
becomes a subject of decided interest and importance. 


1907.] ALGEBRAIC NUMBERS AND FORMS. 357 


There remains the question of the disposition to be made of 
the difficulties encountered in the arithmetic of the integral 
algebraic numbers forming the system J(@). To every number 
# of I(@) corresponds a principal ideal (4), and conversely. If 
HA = v, then (u)(A) =(v). To each non-principal ideal A we 
may make correspond * a fictitious entity called an “ ideal num- 
ber” a, such that AB=C implies a8 =v. When A is a 
prime ideal, a is called a “ prime ideal number.” This scheme 
is not to be confused with Kummer’s. He required very com- 
plicated machinery which worked only for special domains. 
On the contrary, we are now throwing the burden on the simple 
theory of ideals and deriving by formal correspondence the 
needed properties of the ideal numbers. 

The text by Bachmann is very appropriately dedicated to 
Dedekind, as it develops Dedekind’s original theory of integral 
algebraic numbers and employs almost exclusively the methods 
insisted upon by the latter. In a few instances, however, 
Bachmann departs from Dedekind’s purely arithmetical stand- 
point which does not permit the use of arbitrary variables and 
undetermined coefficients. The deviations occur in the exposi- 
tion of Hensel’s work and in making use of the simplifications 
due to Hurwitz and others. In fact, Konig (page 482) insists 
that “die von verschiedenen Autoren fiir die Dedekind’sche 
Idealtheorie gegebenen ‘ Vereinfachungen ’ beruhen durchweg 
auf einer mehr oder weniger verhiillten Anwendung der 
Kroneckerschen Grundideen.” The exposition by Dedekind 
(Zahlentheorie, pages 434-657) is in parts very elementary 
and amply illustrated by simple examples, but in other parts 
is very abstract, requiring the reader to hold in mind an array 
of technical concepts, symbols and names. By using fewer 
abstract proofs and adopting a more expansive style of pres- 
entation, Bachmann has produced a book everywhere reada- 
ble. As noted above for ideals, so for the more general con- 
cept modulus, viz., a system of numbers closed under addition 
and subtraction, Dedekind says that if all the numbers of a 
modulus C’ occur also in the modulus A then C is divisible by A 

* Instead of relying upon the principle of correspondence, it seems allow- 
able to the reviewer to define our ideal ‘‘ numbers*’ to be the ideals them- 
selves. In thus speaking of an ideal (viz., a certain aggregate of integral 
algebraic numbers) as a ‘‘number,”’ we have the precedent that certain 
ordered aggregates (a,, Of real numbers ---, an are called 
hypercomplex numbers, the customary limitation that m shall be finite not 


being essential. Again, we may define an irrational number te be the 
inferior class of rational numbers obtained by a Dedekind cut. 


358 ALGEBRAIC NUMBERS AND FORMS. [ April, 


and Cis a multiple of A,and writes C>A. Since the aggre- 
gate Cis smaller than the aggregate A, the terms “divisible” 
and “multiple” are used in a technical sense, reverse to the 
usual numerical sense. While one may carry in mind the 
technical names it is asking too much to reason with a familiar 
symbol in the reverse of customary usage. We therefore welcome 
Bachmann’s introduction of an entirely new symbol for “ con- 
tained in” and replacing Dedekind’s >. It would seem prefer- 
able, however, to the reviewer to use the symbol a =0 (A) to 
denote that the number a is contained in the modulus A, and 
similarly C=0(A). In the spirit of modular systems, this 
notation would naturally mean that the numbers of C are con- 
tained in the modulus A, and also, as in the elements of con- 
gruences, that C' is divisible by A. If Dedekind’s theory of 
the modulus were presented with this notation, the reader 
would not find it necessary continually to struggle with himself. 
For the special case of ideals, the notation is used by Hilbert in 
his Report (page 183). 

Bachmann states at the bottom of page 154 that for quadratic 
domains F(d) the introduction of ideals is necessary if there 
is more than one class of quadratic forms of determinant d. 
There may however be two classes differing by the factor — 1 
(ef. Dedekind, 1. ¢., page 451). A few misprints may be 
noted ; page 227, line 7, contains a misprint for p; page 231, 
line 12, contains a misprint for +. 

The present volume by Bachmann serves admirably its 
purpose of affording a simple and attractive introduction to 
Dedekind’s theory of the general arithmetic of algebraic num- 
bers; there is promised a supplementary volume treating of 
special types of number domains. 

The treatise by K6nig is much more than a presentation of 
results contained in the memoirs of Kronecker and his follow- 
ers; it must be regarded also in the light of an original contri- 
bution to the subject, containing new points of view, complet- 
ing fragmentary results, replacing incomplete by adequate 
proofs, and undertaking new developments of fundamental 
nature. “The text is far more than a commentary on Kron- 
ecker’s fundamental “ Festschrift za Herrn E. E. Kummer’s 
Doktor-Jubilium, 10. Sept. 1881.” The subjects treated in- 
clude the divisibility of forms, factorization of forms, Kron- 
ecker’s abstract formulation of the adjunction of a root of an 
algebraic equation, Galois’s theory, Kronecker’s method of 
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elimination, general theory of resultants, discriminants, func- 
tional determinants, algebraic manifolds, divisor systems 
(modular systems), algebraic and arithmetic theories of linear 
diophantine problems, theorems of Noether and Hilbert, and 
finally the theory of integral algebraic quantities. The concepts 
of this rich array of general materia] are so interwoven that a 
report upon a particular part would be entirely unsatisfactory, 
while the limitations of space here preclude a survey of the 
whole. Although the theory of ideals does not play as pre- 
dominating a réle in this subject as in the theory of algebraic 
numbers, a few remarks in this direction will afford a suitable 
sequel to the earlier part of this composite review. The intro- 
duction of “ideal quantities” to bring harmony into the laws 
of divisibility of integral algebraic forms is accomplished in a 
most pleasing manner by Konig. 
At the outset we consider the two domains 


(A, [A, 2, --+, 


formed respectively of all rational, and all rational integral 
functions of the indeterminates «,, ---, x,, with coefficients in 
A, where (for the purely arithmetical theory) A denotes the 
system [1] of all integers, while (for the algebraic theory) A 
denotes a field * composed of real or complex numbers (some 
of which may be indeterminates other than the 2’s). Let 
F., ---, F, denote any forms in the domain [A, 2,] such that 


is irreducible in (A, 2,). Let its roots be a,, ---, @,. Let 
=s (A, 2,, ---, @) 


be the domain obtained by the adjunction of a= a, to (A,2;). 
Then T is formed of the quantities 


= (G+ Gat +H, 


where the G’s and # are any forms in [A, 2,] such that 
H+0. Then 


norm g(2) = IT 


equals the quotient of two quantities of [A, 2,]. 


* An aggregate closed under the four rational operations, addition, etc. 


= 
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Let u,, ---, u,, be new indeterminates and let U,, U,, -- - de- 
note distinct products of powers of the w’s subject only to the 
condition that U.= U, implies r= s. We consider the gen- 


eral form 
Ka) = 
It satisfies the equation 


norm (z —f) =II [z — f(a] =0 


whose coefficients are forms in w,,---,% lan) the coefficients of these 
‘forms being quotients of quantities in [A,2,] and therefore 
quantities in (A, x;). aa norm is an exact power of a form 
Nz), irreducible in (A,2,,u,)*, as follows readily from the 
irreducibility of the ace for the a’ s. We may suppose the 
coefficients in N(z )=0 free of denominators. It isa funda- 
mental theorem in Kronecker’s theory that there exists a 
Eeent common divisor process for two forms in a domain 
[ A, : Ap when there is such a process tor numbers of A ; 
the lattes is obviously here the case since A is either a field or 
the system [1] of all integers. Hence our form / satisfies an 
equation -+ G,=0, irreducible in [A, x, us], such 
that G,,---, G, hee no common divisor. In case Gi is a unit 
(divisor of 1), we may set G,=1 and call the root f an 
“integral algebraic form” (with respect to the domain I). 
It is easy to establish the equivalence of this definition with the 
following. The form f is an integral algebraic form if and 
only if it satisfies some equation 


G, -+G,=0 


whose coefficients are forms of the domain [A,z,u,]. By 
suppressing the indeterminates uw, we obtain the definition of 
the integral algebraic quantities of T. Denote by [I] and 
[I],, the domains composed of all these integral algebraic 
quantities and forms, respectively. Each domain is closed 
under addition, subtraction and multiplication. 

A non-field domain D is called complete (vollstindig) when 
any two of its quantities have in D a greatest common divisor 
5, in the sense 1, 2, above. As already noted, [A, 2,] is a 
complete domain. Buta domain [IT], just defined, is complete 


* The u’s should appear in the notations of the domains, bottom of p. 464 
(K6nig). 
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only in the very simplest cases ; this point is illustrated in the 
above example of the numbers a + 6 Y— 5, a and 6 integers. 
Hence we cannot here define, as in algebra, a primitive form 
to be one in which the greatest common divisor of its coefficients 
is 1 (or a unit). Following Kronecker (Festschrift, § 15), 
we say that for a domain [IT] a form ¢ is “ primitive” if 
norm ¢ is a primitive form of the indeterminates u, in the ele- 
mentary sense. 

We may now make a clear statement of the problem of the 
association of ideal quantities. We seek to enlarge the domain 
[I] into a complete domain [G] in such a manner that not 
merely the additive and multiplicative combinations, but also 
the properties relating to divisibility of the quantities of [T] 
shall remain valid in the new domain [G]. In symbols, if 
a, B,y are any quantities in [IT], there shall exist quantities 
a’,B’,yin [G} such that a+ B=y implies + 
a8 =r implies a’B’ = and conversely, while if is [or is 
not] divisible by 8 then a’ is [or is not] divisible by ’, and 
conversely. The most exacting requirement is that [G] shall 
be a complete domain. 

All these conditions are met in the simplest manner by the 
domain [G'] of all the quotients y,/¢,, where 7, is an arbitrary 
form of [I'], and e, an arbitrary primitive form of addi- 
tion and multiplication in [G] being defined by 


ee, 
ce 


The sum and product belong to [G] since the product of two 
primitive forms e, and e’, is a primitive form, and since the 
domain [T’],, is closed under addition and multiplication. The 
units of [G] are the quantities ¢,/e,, where also the numerator 
is primitive. One of the conditions that [G] be a complete 
domain is that it be not a field,* and this is satisfied since 27 = 1 
is not solvable in [G@]. In fact, 2y, =e, is impossible since 
the norm of the primitive form e, is not divisible by 2. Finally, 
any two quantities y,/e, and y,,/e!,of [G] have in [G] a 
greatest common divisor, which (or any product of it by a unit) 
may be exhibited as the form 


* Were it not for this condition, we could take as [G] simply the field 
[I'] composed of all quotients of the quantities of [T]. 
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where C,, C,, --- denote the coefficients of the form y,; Ci, 
C’,, --- the coefficients of y/,; while W, and W; denote distinct 
products of powers of the variables w,, w,,---. Naturally, 
we donot enter here upon the proof* that 6, has the prop- 
erties 1, 2 of the greatest common divisor. 

The quantities of [G] are called “ ideal quantities” of rH. 
although some of them already occur in [T]. That the ideals 
here admit of addition as well as multiplication is a pleasing 
feature of Kénig’s theory not found in Dedekind’s theory of 
ideals, nor in Kronecker’s exposition. Ideals of the Kénig 
type appear in Weber’s treatment (Algebra, volume 2) of the 
more special theory of algebraic numbers. 


L. E. Dickson. 
THE UNIVERSITY OF CHICAGO. 


CORRECTION. 


ProFessor Wilezynski has kindly called my attention to the 
following misstatements in my review of his Projective Differ- 
ential Geometry (BULLETIN, pages 190-194). 

P. 191. The second member of the expression for @, , 
should be completed by adding — 27 P,63. 

P. 191, line 5 from bottom. Strike out first sentence and 
substitute “ The osculating cubic may hyperosculate C,.” 

P.191. For last clause read: “If 0,,=0, then C, isa 
curve of coincidence points.” 

P. 193, line 6. For 0, read @,. 

P. 193, line 6 from bottom. For “second” read “same.” 

P. 193, line 2 from bottom. After “range” insert “in 
certain cases.” 

VirGIL SNYDER. 


NOTES. 


At the meeting of the London mathematical society held on 
February 14, the following papers were read: By G. A. Mir- 
LER, “‘ Groups defined by the order of the generators and the 
order of their commutator”; by T. Sruart, “On the reduc- 
tion of the factorization of binary septans and octans to the 


4 Konig, p. 479. Misprints in the accents occur in the formula at the 
middle of this page ; while at the top of p. 474, ;3, should read ?,. 


= 
= 
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solution of a Pellian”; by E. W. Honson, “On the repeated 
integrals”; by W. Burnsive, “The construction of the line 
drawn through a given point to meet two given lines.” 


THE Rochester section of the association of teachers of 
mathematics in the middle states and Maryland was organized 
February 23, 1907, at the University of Rochester. After 
addresses by President R. Rhees, Professor D. E. Smith, Mr. 
A. H. Wilcox and Mr. H. S. West, the following papers were 
read: By Professor A. S. GALE, “ The literature of secondary 
mathematics”; by Mr. W. Betz, “ Recent tendencies and open 
questions in the teaching of elementary geometry”; by Pro- 
fessor H. D. Mrxcutn, “ How the study of physics helps the 
teacher of mathematics.” 


THE fourth international congress of mathematicians will be 
held at Rome from April 6 to 11, 1908. The present plan is 
to emphasize the encyclopedic side of the science, to summarize 
the results already accomplished and to define sharply the great 
problems still unsolved. A series of formal addresses has been 
provided for, in addition to papers of less general interest. 
The following have consented to present addresses before the 
joint sessions of all the sections: Professors G. DarBoux, A. 
R. Forsyta, D. Hivpert, F. Kier, H. A. Lorentz, G. 
MitraG-LEFFLER, S. Newcoms, E. Prcarp, H. Porncaré. 
For the more technical papers, the congress will be divided 
into four sections: (1) arithmetic, algebra and analysis, (2) 
geometry, (3) mechanics, mathematical physics, various appli- 
cations of mathematics, (4) philosophical, historical and didactic 
questions. 

A NEW mathematical review, the Gazeto Matematika Inter- 
nacia, is projected, to be published in Esperanto. The Gazeto 
is not intended to compete with existing journals, but aims 
rather to establish a closer relation among them. It will pub- 
lish articles on pure and applied mathematics, mechanics, theo- 
retical physics, pedagogy, problems, book reviews, biographies, 
ete. The price is fixed for the present at $2.40 per annum, 
and the first volume will contain about 192 pages. All cor- 
respondence should be addressed to F. J. Vaes, Mathenesserlaan 
290, Rotterdam. 


Proressor C. ALASIA, mathematical editor of the Rivista 
di Fisica e Matematica, will review in that journal all new 
publications sent to him at Ozieri, Italy. 
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The following university courses in mathematics are an- 
nounced for the summer semester of 1907 : 


Universiry or InNspruck. — By Professor K. TuMLIRz: 
Mechanics, II, four hours; Capillarity, two hours ; Seminar, 
two hours. — By Professor J. GMEINER: Algebra, II, four 
hours ; Double integrals, four hours ; Seminar, two hours.—By 
Professor K. ZINDLER: Differential equations, four hours; 
Seminar, two hours. — By Professor J. MENGER: Projective 
geometry, II, four hours. 


University or Jena.— By Professor R. HAvssNErR: 
Differential calculus, five hours ; Proseminar on plane analytic 
geometry, two hours ; Seminar, one hour ; Selected chapters of 
geometry, two hours; Differential geometry, four hours. — By 
Professor J. THoMAE: Plane analytic geometry, four hours ; 
Map-drawing, two hours. — By Professor G. FrEGE : Theory 
of forces and the Newtonian law, four hours. 


University oF Municu.— By Professor F. LiInpEMANN: 
Theory of elliptic functions, five hours; Theory of algebraic 
forms, four hours; Seminar, two hours. — By Professor A. 
Voss : Introduction to the theory of partial differential equa- 
tions, four hours; Algebra, II, four hours; Seminar, two 
hours. — By Professor A. PrrncsHerm™: Integral calculus, five 
hours ; with geometric applications, two hours. — By Professor 
A. SoMMERFELD: Theory of radiation, three hours ; Founda- 
tions of thermodynamics, two hours; Seminar, two hours. — 
By Professor K. DoEHLEMANN: Descriptive geometry, II, 
three hours ; with exercises, two hours ; Geometric mechanics, 
three hours; with exercises, one hour.—By Professor E. v. 
Weser: Analytic geometry of space, four hours ; with exer- 
cises, two hours ; Differential calculus, four hours ; with exer- 
cises, two hours. — By Dr. F. Hartrocs: Elementary geo- 
metry of two and three dimensions, three hours. — By Dr. O. 
Perron: Analytic theory of numbers, four hours. 


THE detailed scheme which embodies the resolutions passed 
by the senate of the University of Cambridge last year (BuL- 
LETIN, volume 13, page 203) has been finally adopted (Feb- 
ruary 2, 1907) by a vote of about 780 to 640. The new 
regulations come into force in 1910. The first senior wrangler 
was announced in 1747, and the last one will be recorded in 
the summer of 1909. 


— 
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THE Adams prize has been awarded to Professor E. W. 
Browy, for his essay on “ The irregularities in the moon’s mo- 
tion due to the direct action of the planets.” This prize was 
founded about sixty years ago to commemorate the work of 
J. C. Adams in connection with the discovery of Neptune. It 
is offered every two years for competition on a set subject and 
is open to anyone who-has at any time taken a degree in the 
University of Cambridge. Among former prize winners are 
J. C. Maxwell, E. J. Routh, J. J. Thomson and J. H. Poynt- 
ing. An award has been made on an average only about once 
in six years. 


Proressor M. p’OcAGNE, of the Ecole des Ponts et Chaus- 
sées, of Paris, will deliver during the months of March and 
April a course of lectures at the University of Paris on graphic 
caleulus and nomography. In the latter part of the course he 
will give a complete account of his own methods in the subject. 


At the close of the present academic year Professor ULIssE 
Drn1 will have completed the fortieth year of his professorship 
at the University of Pisa. To mark the occasion, the faculty 
of sciences of the university proposes the presentation of a suit- 
able memorial. Subscriptions to the fund should be sent to 
Professor Onorato Nicoletti, via S. Martino 3, Pisa, Italy. 


Proressor E. Lamps, of the technical school at Charlotten- 
burg, has been decorated with the order of the red eagle of the 
third class. Professor T. REYE, of the University of Strass- 
burg, has received the order of the crown of the second class. 


Mr. W. H. Jackson, lecturer in mathematics at the Uni- 
versity of Manchester, England, has been appointed associate 
professor of mathematics at Haverford College, Pennsylvania. 


Art the College of the City of New York, Dr. CoHEen has 
been promoted to an instructorship in mathematics, and Mr. G. 
H. Hayes has been appointed tutor in mathematics. 


At the University of Washington five teaching fellowships 
in mathematics have been established, with a compensation of 
of $400 to $500. 


THE deaths are announced of F. P. H. Stir.ine, professor 
of mathematics in the Christian College at Madras, and J. 
RAJEWSKI, associace professor of mathematics at Lemberg. 
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NEW PUBLICATIONS: 


I. HIGHER MATHEMATICS. 


ABHANDLUNGEN iiber die regelmissigen Sternkérper. Abhandlungen von L. 
Poinsot (1809), A. L. Cauchy (1811), J. Bertrand (1858), A. Cayley 
(1859). Uebersetzt und herausgegeben von R. Haussner. Leipzig, En- 
gelmann, 1906. 12mo. 129 pp. (Ostwald’s Klassiker der exakten Wis- 
senschaften.) Cloth. M. 2.80 


Carstaw (Hf. S.). Introduction to the theory of Fourier’s series and inte- 
grals, and the mathematical theory of the conduction of heat. New 
York, Macmillan, 1907. 8vo. 17+ 434 pp. Cloth. $4.50 


ErcHier (K.). Beitrag zur Grassmannschen Punktrecbnung. Hamburg, 
1905. 8vo. 24 pp. 


GLENN (O. E.). Determination of the abstract groups of order p’qr ; p,q, 
r being distinct primes. (Diss., University of Pennsylvania.) Lancas- 
ter, New Era Printing Co., 1906. 4to. 14 pp. (Transactions of the Amer- 
ican Mathematical Society, Vol. 7, pp. 137-151.) 


InnicF1 (E.). Ueber die Prinzipien der Infinitesimalrechnung und iiber 
die Wandlungen, welche die Darstellung dieses Zweiges der Mathematik 
im Laufe seiner Entwicklung erfahren hat. (Progr.) Czernowitz, 1906. 
8vo. 43 pp. 

LaFritrE (P. pE). Essai sur le carré magique de Na N nombres. Paris, 
Gauthier-Villars, 1906. 8vo. 23 pp. F. 1.50 


Myer (A.). Gewdhnliche Differentialgleichungen héherer Ordnung in 
ihrer Beziehung zu den Integralgleichungen. (Diss.) Géttingen, 1906. 
8vo. 35 pp. 


ScuuBert (H.). Mathematische Mussestunden. Eine Sammlung von Ge- 
duldspielen, Kunststiicken und Unterhaltungsaufgaben mathematischer 
Natur. Grosse Ausgabe. 3te Auflage. Vol. I. Zahl-Probleme. Leip- 
zig, Géschen, 1907. 12mo. 8-+ 200 pp. Cloth. M. 4.00 


Smiru (A. W.). The symbolic treatment of differential geometry. (Diss., 
Ogden Graduate School of Science.) Chicago, University of Chicago 
Press, 1907. 4to. 61 pp. $0.35 

Wek (J.). Ueber die Steinerschen Ellipsen des Dreieckes. (Progr.) 
Mirisch-Schénberg, 1906. 8vo. 20 pp. 


(G.). Tratado de anélisis matemdtica. Vol. III. Applicacién del 
calculo infinitesimal al estudio de las figuras planas. Zaragoza, Casafial, 
1905. 8vo. 320 pp. P. 7.00 


II. ELEMENTARY MATHEMATICS. 


Beaven (H.C.). Solutions of the examples in Hall’s Easy graphs. Lon- 
don, Macmillan, 1907. 12mo. Cloth. 3s. 6d 


Bourtet (C.). Cours abrégé de géométrie. Vol. 1. Géométrie plane. 
Paris, Hachette, 1907. 404 pp. Fr. 2.50 
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Cotiar (G.). New Algebra. As far as the binomial theorem, including 
chapters on graphs. London, Meiklejohn, 1907. 12mo. 436 pp. 
Cloth. 4s. 6d. 


Dassen (C. C.}. Tratado elemental de geometria Euclidea. Vol. II. 
Geometria del espacio. Buenos Ayres, Hermanos, 1905. 12mo. 17 + 
470 pp. 


Hewrict und TREvUTLEIN (P.). Lehrbuch der Elementar-Geometrie. Teil 
If: Aehnliche und perspektive Abbildung in der Ebene (Kegelschnitte), 
Berechnungen der ebenen Geometrie (Trigonometrie), nebst einer Auf- 
gabensammlung. 3te Auflage. Leipzig, Teubner, 1907. 8vo. 84240 


pp Cloth. M. 3.30 
Marr (D.). School course in mathematics. London, Frowde, 1907. 12mo. 
388 pp. Cloth. 3s. 6d. 


MiItnE (W. J.). High school algebra, embracing a complete course for high 
schools and academies. New York, American Book Company, 1907. 
12mo. 391+ 34 pp. Cloth. $1.00 


NapRAVNIK (F.). Vollstiindig geléste Maturitiitsaufgaben aus der Mathe- 
matik. Fiir Schiiler der obersten Klassen an Realschulen und Gymnasien 
sowie zum Selbststudium. Wien, Deuticke, 1907. 8vo. 3-+ 233 pp. 

M. 3.00 


OuneEy (E.). The complete algebra for high schools, preparatory schools 
and academies. New edition. New York, American Book Company, 
1907. 12mo. 12+ 439 pp. (Olney’s new series.) Cloth. $1.10 


OrteGA y SALA (D. M.). Geometria. Obra elegida de texto para el ingresso 
en las Academias Militares, en el concurso celebrado en 30 de Abril del 
mismo afio por la Direccién General de Instruccién Militar, para el in- 
greso en la Escuela Naval Flotante, etc. Vol. 11. Ejercicios resueltos. 


Madrid, Perlado, 1907. 8vo. 374 pp. P. 15.00 
ScuuttTze (A.). Advanced algebra with answers. New York, Macmillan, 
1906. 12mo. 7-+ 562+ 76 pp. Half leather. $1.25 
—. Elementary algebra. New York, Macmillan, 1906. 12mo. 11+ 
396 + 63 pp. Half leather. $1.10 
Strainer (W. J.). Junior practical mathematics. Part I, with answers. 
London, Bell, 1907. 12mo. 1s. 6d. 
—. Part II, with answers. London, Bell, 1907. 12mo. 2s. 6d. 


TREUTLEIN (P.). See Henricr (J.). 


Ill. APPLIED MATHEMATICS. 


Ausry (C.). Les nouvelles méthodes de calcul de la poussée des terres, 
basées sur la théorie de l’élasticité et ses applications. Paris, Germain, 
1906. 8vo. 143 pp. 


BousstnEsQq (J.). Propagation du mouvement autour d’un centre, dans un 
milieu élastique homogéne et isotrope. Paris, Gauthier-Villars, 1906. 
4to. 38 pp. F. 2.00 


Gauss (F. G.). Trigonometrische und polygonometrische Rechnungen in 
der Feldmesskunst. 3te Auflage. Hefte 6-9. Halle, Strien, 1906. 
M. 10.50 
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Heitmuoutz (H. von). Vorlesungen iiber theoretische Physik. Herausge- 
geben von A. Kdénig, O. Krigar-Menzel, M. Lane, F. Richarz, C. Runge. 
Band IV: Vorlesungen iiber Elektrodynamik und Theorie des Magnetis- 
mus. Herausgegeben von O. Krigar-Menzel und M. Lane. Leipzig. 
Barth, 1907. 8vo. 10+ 406 pp. M. 16.00 


HouizMtLuer (G.). Elementare kosrische Betrachtungen iiber das Sonnen- 
system und Widerlegung der von Kant und Laplace aufgestellten Hypo- 
thesen iiber dessen Entwicklungsgeschichte. Einige Vortriige. Leipzig, 
1906. 6+ 98 pp. M. 1.80 


Huvrcuinson (R. W.). Long-distance electric power transmission ; being a 
treatise on the hydro-electric generation of energy, its transformation, 
transmission and distribution. New York, Van Nostrand, 1907. 12mo. 
345 pp. Cloth. $3.00 


Joyce (S.). Examples in electrical engineering. New and improved edi- 
tion. London, Longmans, 1907. 12mo. 248 pp. Cloth. 5s. 


KOENIGSBERGER (L.). Hermann von Helmholtz: translated by Frances A. 
Welby with a preface by Lord Kelvin. Oxford, University Press 
(American branch), 1906. 8vo. 17+ 440 pp. Cloth. $5.25 


Love (A. E. H.). Lehrbuch der Elastizitét. Autorisierte deutsche Aus- 
gabe, unter Mitwirkung des Verfassers besorgt von A. Timpe. Leipzig, 
1907. 8vo. 16 + 664 pp. Cloth. (B. G. Teubner’s Sammlung von 
Lehrbiichern auf dem Gebiete der mathematischen Wissenschaften mit 
Einschluss ihrer Anwendungen, Vol. 24.) M. 16.00 


Poincare (H.). Legons de mécanique céleste professées 4 la Sorbonne. 
Vol. 2. lre partie : Développement de la fonction perturbatrice. Paris, 
Gauthier-Villars, 1907. 8vo. 172 pp. F. 6.00 


Saussure (R. de). Théorie géométrique du mouvement des corps. Fin de 
la Ire partie et commencement de la 2me partie. La géométrie des 
feuillets. Genéve, Kiindig, 1906. 109 pp. 


Voce (E.). Ueber die mechanische Ermittlung des Durchdringungspoly- 
gons. (Progr.) Tetschen, 1906. 8vo. 3 pp. 


WITTENBAUER (F.). Aufgaben aus der technischen Mechanik. Band I: 
Allgemeiner Teil. 770 Aufgaben nebst Lésungen. Berlin. Springer, 
1907. S8vo. 10-4289 pp. M. 5.00 


Wricut (T W.). Elements of mechanics, including kinematics, kinetics, 
and statics, with applications. 7th edition, revised. New York, V 
Nostrand, 1907. 8vo. 382 pp. Cloth. $2.50 
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